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Abstract argumentation frameworks (AFs) are a prevailing model for the formal
representation of argumentations in Al research. The generalized model of
incomplete AFs extends the basic model by allowing for the representation of
unquantified uncertainty about the existence of elements in an argumentation. For
this extended model of AFs, we formally define a natural generalization of the
nonempty existence problem, which asks whether there exists a nonempty set
of arguments satisfying the conditions specified by a given semantics. Focusing
on the fundamental semantics for incomplete AFs and considering a possible
and a necessary variant of the nonempty existence problem, this yields a family
of related problems, and we provide a full analysis of their computational

complexity.

lice (A) and Bob (B) want to buy a house
together. They look at two houses and are
now discussing which of them they should

buy, weighing up their advantages against their
disadvantages.

A: | liked the big garden in the second house. It
would be great for having a barbecue with our
friends.

B: The garden is great but also a lot of work. | like
the location of the first house, so | could ride my
bike to work.

A: Yes, that would be good, but did you see the
mold in the living room? That would be very
unhealthy for us, or expensive to get rid of.

B: Nope, | did not see that. | was just looking at the
giant flat-screen TV set we would have there.

A: You do realize that the previous owners will take
their stuff with them when they leave? So there
will not be a TV set in this house when we move
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in. And the mold in the living room is really a
problem.

B: Well, I have actually read that mold spores help
to have a quite healthy environment: They Kkill off
all sorts of microbes, including really dangerous
human pathogenic viruses.

A: What? That is nonsense. Where would you get
that from?

B: From the Internet, so it must be true.

Discussions like this can be represented using the
well-established model of abstract argumentation
frameworks (AF) introduced by Dung.1 In this model,
abstracting away from the actual contents of argu-
ments, a discussion is illustrated by a directed graph
whose vertices represent the arguments and whose
edges display the attack relation among the argu-
ments. However, Dung's model also has a few short-
comings. For example, it cannot handle incomplete
information, like the argument mold from Alice that
Bob was not aware of. But not only arguments, also
attacks can be uncertain due to incomplete informa-
tion. For instance, Bob believes that no attack against
buying his favorite house is coming from the argument
mold. Arguments and attacks that are not uncertain
are said to be definite. Whether or not a definite
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argument attacks another definite argument very
much depends on the agents’ individual beliefs, e.g.,
regarding causality of events. Lifting this from a pri-
vate dispute among a couple to a matter of public
affairs that is crucial for mankind and fiercely dis-
cussed these days, let us consider the abatement of
carbon emissions. While people might agree that there
is global warming, they may have different views on
what is causing global warming (i.e.,, whether it is
human induced or not): While some might view “global
warming” attacking the argument that “due to increas-
ing energy demand there is a need to build more coal-
fired power plants,” others might outright deny the
existence of that attack.

Scenarios like these call for suitable extensions of
the model of abstract AFs that allow the representa-
tion of structural uncertainties. One such extended
model are the incomplete AFs due to Baumeister et al.?
The idea of unquantified uncertainty underlying their
model was first studied by Coste-Marquis et al.® for
uncertain attacks. Later on, Baumeister et al.* studied
abstract argumentation with uncertain arguments and
with uncertain attacks.® They then generalized both
ideas into one unified model of incomplete abstract
AFs.2 An incomplete AF represents a set of possibili-
ties—we can either include an uncertain element in
our system or leave it out of it, which is captured by the
incomplete AF's completions.

Reasoning tasks in AFs are formalized by differ-
ent decision problems for the verification of, mem-
bership in, or existence of sets of acceptable
arguments (called extensions). An overview of the
computational complexity of these problems can
be found in the handbook chapter by Dvorak and
Dunne.® The reasoning problems of verification
(which refers to acceptability of a given set of argu-
ments with respect to some semantics) and of
either credulous or skeptical acceptance (both
referring to acceptability of a single given argument
with respect to some semantics) have already been
generalized for incomplete AFs by Baumeister et al.
27.(0n a related note, the problem of controllability
in control AFs® generalizes the credulous and skep-
tical acceptance problems and asks whether there
exists a selection of arguments in the control part
(i.e., a control configuration), such that for all selec-
tions of elements in the uncertain part (i.e., all com-
pletions), a given target set of arguments is a
subset of an extension. This problem was analyzed
by Dimopoulos et al.® and Niskanen et al® Faz-
zinga et al.’® pointed out a problematic behavior of
the generalizations of the verification problem
defined for IAFs by Baumeister et al.* where a set
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of arguments may be viewed as an extension in a
completion even though not all its members exist
in that completion. As the more recent work of
Baumeister et al. 7 in this paper, we require all
arguments of an extension to be present in a com-
pletion, avoiding this problematic behavior.

Completing these works, we tackle natural gen-
eralizations of the existence problem and the non-
empty existence (or, nonemptiness, for short)
problem of semantics for incomplete AFs. The (non-
empty) existence problem refers to the question of
whether, given an AF and a semantics, there exists
an acceptable (or, a nonempty acceptable) set of
arguments with respect to the given semantics in
the first place. Even this fundamental question is
hard to answer for some semantics (see Table 1 on
page 9 for an overview of our complexity results).
On the other hand, the existence problem is trivial
when a semantics guarantees existence of at least
one extension. In particular, this is the case for all
semantics that allow the empty set to be an exten-
sion. For semantics that do not allow empty exten-
sions, the existence and nonemptiness problems
coincide. This is why we will focus only on the non-
emptiness problem in our further analysis. Existence
problems are the foundation of reasoning in
abstract argumentation, since all other reasoning
problems are based on the existence of extensions.
Knowing the exact computational complexity of the
(nonempty) existence problem can improve our
understanding of the hardness of more advanced
reasoning tasks—in particular, it lets us know
whether the hardness of a variant of the verification
or acceptance problem stems from the problem
itself or whether the hardness is inherited from the
underlying existence problem. Thus, an analysis of
existence problems for incomplete AFs is sorely
missing and crucially needed.

For incomplete AFs, following previous work by
Baumeister et al.>’” and Niskanen et al." on verifica-
tion and acceptance problems, we look at possible
and necessary variations of the existence problem as
follows.

e In the possible problem variant, we ask whether
there exists some completion of a given incom-
plete AF such that there is a nonempty set of
arguments satisfying the condition of a given
semantics.

e In the necessary problem variant, we ask
whether for every completion of a given incom-
plete AF, there exists a nonempty set of argu-
ments satisfying a given semantics.
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FIGURE 1. Graph representation of the AF from Example 1.

We provide a full analysis of the computational
complexity of these generalized existence problems.

This article is structured as follows. In Section II,
we provide a description of the formal models of
abstract AFs and its extension to incomplete AFs, and
a formal definition of the nonemptiness problem. This
is followed by a full analysis of the computational
complexity of its generalizations for incomplete AFs in
Section Ill. In Section IV, we summarize our results
and point out some related work in this field.

In this section, we describe the notion of (abstract) AF
formally, which was first presented by Dung.' Then, we
extend this model to incomplete AFs, as has been
done by Baumeister et al.

Abstract AFs
An AF is a pair (4, R), where A is a finite set of argu-
ments and R is a set of attacks between arguments,
with R € A x A. An argument a is said to attack an
argument b if (a,b) € R. We call an argument a
acceptable with respect to a set S C A if for each
argument b € A attacking a (i.e., (b,a) € R), there is
an argument ¢ € S that attacks b (i.e., (c,b) € R); we
then say that a is defended by c against its attacker b.
An AF (A, R) can be illustrated by a directed graph
with vertex set A and edge set R.

Example 1. Let AF = (A, R) with A= {a,b,c,d, e}
and R ={(a,b),(a,d),(b,e),(c,a),(c,c),(d,c),(d,e),
(e,d)} be an AF. The corresponding graph is shown in
Figure 1.

In addition to AFs, Dung' also introduced the
notion of semantics—properties that a set of argu-
ments should satisfy to be considered acceptable in
an argumentation. A set of arguments that satisfies a
given semantics is called an extension.

The first semantics we consider is CF. The idea
behind it is that a set of acceptable arguments must
not contain arguments that contradict (i.e., that
attack) each other.

MaAahtierizd®icnsed use limited to: Fernuniversitaet Hagen. Downloaded on July 20,2026 at 18:26:26EEECHtenidEEE SmocenRestrictions apply. 15

Definition 2. A set S C A is conflict free (CF) if there
are no arguments a and b in S such that (a,b) € R.

For every AF, there is at least one CF set. In partic-
ular, the empty set is always CF.

CF sets that defend all their elements against all
attackers are called admissible—commonly, a set of
arguments is deemed unacceptable if it is not at least
admissible.

Definition 3. We call a CF set S C .A admissible
(AD) if every argument a €S is acceptable with
respect to S.

AD sets that are closed with respect to defense
are called complete extensions of the AF.

Definition 4. An AD set S C A is complete (CP) if it
contains every argument that is acceptable with
respect to S.

The unique set of arguments that is minimal (with
respect to set inclusion) among all complete exten-
sions is the grounded extension. It can be determinis-
tically constructed using an AF's characteristic
function.

Definition 5. The characteristic function Far of an
AF AF = (A, R) is a function Faf : 24 — 24 defined by

Far(S) = {a € A|a is acceptable with respect to S}.

A set SC A is grounded (GR) if S is the least fixed
point of the characteristic function of AF.

On the other hand, the maximal AD (or, equiva-
lently, maximal complete) sets of arguments are called
preferred extensions.

Definition 6. A set S C A is called preferred (PR) if it
is a maximal AD set.

The stable extensions are the conflict-free sets
that attack all its nonmembers.

Definition 7. We call a CF set S C A stable (ST) if for
each b € A\ 'S, there is at least one argument a € S
with (a,b) € R.

Unfortunately, a stable extension may not always
exists, which is why Caminada'? introduced the semi-
stable semantics as a less restrictive alternative. In
order to define it, we will first introduce the notion of
range.

Definition 8. We define the range of aset S C A as
SuSt, withSt ={be A|JaecS:(a,b)eR}.

The semistable extensions can now be defined as
the AD sets that maximize their range.



Definition 9. The semistable sets S C A (SST) are
the AD sets for which SUST is maximal (w.r.t. set
inclusion).

For comparison, the stable extensions can be char-
acterized as the AD sets Swhere SUS™ = A.

A concept related to semistable semantics is the
notion of stage semantics, introduced by Verheij."®

Definition 10. The stage sets S C A (STG) are the
conflict-free sets for which SU S* is maximal (w.r.t. set
inclusion).

Now, let us summarize the relations among the
various semantics defined previously. The complete,
grounded, stable, semistable, and preferred semantics
also satisfy CF and admissibility. Every preferred,
grounded, stable, or semistable extension is also com-
plete, and every stable and semistable extension is
preferred. A stable extension is also semistable and a
stage extension, and if a stable extensions exists, the
semistable and stage extensions coincide with the
stable ones.

For every AF, there always exists a conflict-free,
admissible, preferred, complete, semistable, stage,
and grounded extension—however, this may be the
empty set. For the stable semantics, existence is
not guaranteed. Also, while the grounded extension
is unique for every AF, for each of the other seman-
tics there may be more than one extension in a
given AF.

Example 11. We continue Example 1. The CF sets
of our example AF are {a,e}, {b,d}, and all their
subsets. This AF has no nonempty AD set, since no
nonempty, CF set of arguments can defend all its
members: {a} and {a,e} lack an attack against c;
{e} lacks an attack against b; and {b}, {d}, and
{b,d} lack an attack against a. Therefore, the AF
also has no nonempty extension for either of the
complete, grounded, preferred, stable, or semistable
semantics. However, {a,e} and {b,d} are both
stage extensions.

We will study the existence problem restricted to
nonempty extensions (i.e., the nonemptiness prob-
lem) for the abovementioned semantics in incom-
plete AFs. For standard AFs (in which there is no
uncertainty regarding the arguments or attacks), the
existence problem was first discussed by Dimopou-
los and Torres™ and later on by Dunne and Wool-
dridge.”® Let s € {CF, AD, CP,GR, PR, ST, SST, STG} be
any of the above semantics and define the following
problem:
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FIGURE 2. Graph representation of the IAF from Example 13,
where uncertain arguments are drawn as dashed nodes,
uncertain attacks are dashed arrows, and conditionally defi-
nite attacks are dotted arrows.

s-Nonemptiness (s-NE)

Given: An argumentation framework (A4, R).
Question: Does there exist a nonempty set S C A satisfying
the conditions specified by semantics s?

Incomplete AFs
We now turn to the model of incomplete AF that,
based on earlier work by Coste-Marquis et al.? is due
to Baumeister et al..?

Definition 12. An incomplete AF (IAF) (4, A", R, R")
partitions both the argument set and the attack set
into definite (A and R) and uncertain (A’ and R’) ele-
ments, where R C (AUA")x (AUA") and R'C
(AU A") x (AU A") are disjoint attack relations.

The uncertain elements of an IAF can be added to
or left out of an AF. This operation is formally captured
by completions AF* = (A", R*) of an incomplete AF
(A, A" R,R"), which must satisfy A C A" C AUA’
and R| 4+ CR* C (RUR")| . We call R'| ¢ a restric-
tion of an attack relation R’ to a set A of arguments,
with R'| ; = {(a,b) e R'|a,b € A'}. If R" =0, an IAF
is said to be a purely attack IAF and we omit the
empty uncertain attack relation in (4, A’ R, R’) and
simply write (A, A°, R) instead. Similarly, if A’ =0, it is
said to be a purely attack IAF and we omit the empty
uncertain argument set in (A4, A", R,R’) and simply
write (A, R, R?) instead.

Example 13. Let IAF = (A, A", R, R’) be an IAF that
has the argument sets A = {a,c,d} and A’ = {b,e}
and the attack relations R ={(a,b),(a,d),
(b,e),(c,a),(d,c),(d,e)} and R’ = {(c,c), (e,d)}. The
corresponding graph is shown in Figure 2. Following
Baumeister et al. 2 we draw uncertain arguments and
attacks as dashed nodes and edges, respectively. The
dotted attacks (a, b), (b,e), and (d,e) are elements of
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R, but incident to at least one uncertain argument.
These attacks are definite, provided that both incident
arguments occur in the completion—that is, we are
forced to add these attacks to a completion whenever
both incident arguments are present in it. On the
other hand, if an uncertain argument is not in the com-
pletion, we cannot include any incident attack in that
completion. Such attacks are called conditionally defi-
nite by Baumeister et al. ?

When including all uncertain elements of IAF, we
obtain as a completion the AF of Example 1. Thus, it
is clear that not every completion of IAF has a non-
empty extension for any of the AD, complete,
grounded, stable, or preferred semantics. On the
other hand, in the completion that includes the
argument e and the attack (e, d), but excludes the
argument b and the attack (c, c), the set {c, e} is sta-
ble (and, therefore, also semistable, stage, preferred,
complete, and admissible), so IAF does indeed have
completions where a nonempty extension for these
semantics exists. However, there is no completion
of IAF that allows for a nonempty grounded exten-
sion, since that would require at least one unat-
tacked argument, but every argument in our
example is attacked by at least one argument in
every completion.

In this section, we will formally define the problems of
possible nonemptiness and necessary nonemptiness
and study them in terms of their complexity.

Problem Definitions and Some
Prerequisites

The semantics for IAFs are defined on completions.
We use the idea of possibly and necessarily satis-
fied properties. A property is possibly satisfied if
there is at least one completion of the IAF in which
this property is satisfied. A property is necessarily
satisfied if it is satisfied in every completion of the
IAF. Following this scheme, we can introduce a
“possible” and a “necessary” variant of the non-
empty existence problem for IAFs for each seman-
tics s defined in Section II-A. We start with the
possible variant:

s-Possible-Nonemptiness (s-PosNE)

Anincomplete AF IAF = (A, A", R, R").
Does a completion AF* = (A", R*) of IAF
exist such that there exists a nonempty s
extension in AF*?

Given:
Question:
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For the necessary variant of this problem, we ask if
for all completions the conditions of the s-NoNempTI-
NEss problem are satisfied:

s-Necessary-Nonemptiness (s-NecNEe)

Anincomplete AF IAF = (A, A", R, R*).
For all completions AF* = (A", R*) of IAF, is
there a nonempty s extension in AF*?

Given:
Question:

Our goal is to study these problems in terms of
their computational complexity, as has been done by
Baumeister et al.? for the possible and necessary veri-
fication problems and by Baumeister et al.” for the
possible and necessary credulous and skeptical
acceptance problems. The relevant complexity clas-
ses all belong to the polynomial hierarchy introduced
by Meyer and Stockmeyer'®"” whose zeroth level is P,
whose first level consists of NP and coNP, and whose
second level consists of 35 = NP and IT5 = coNP"".
We assume the reader to be familiar with the con-
cepts of hardness and completeness based on polyno-
mial-time many-one reducibility, and we refer the
reader to, e.g, the textbooks by Papadimitriou'™ and
Rothe' for more background on computational com-
plexity. We will use a restricted version of the quanti-
fied satisfiability (QSAT) problem for our reductions
showing I15-hardness. Specifically, employing and
extending a general construction based on the work
of Dimopoulos and Torres' and Baumeister et al.,” we
will use TI,SAT, the canonical problem for the com-
plexity class I15, which is defined as follows.

I1,SAT
Given: A 3-CNF formula ¢ over aset X & Y of
propositional variables.
Question:  For all assignments tx on X, is there an

assignment 7y on Y such that ¢[zx, ty] = true?

In this problem definition, X and Y are disjoint sets
of propositional variables, ¢ is a formula in 3-CNF (con-
junctive normal form with at most three literals per
clause) over these variables, zs is a truth assignment
on a set of literals S associated with the variables in X
and Y (i.e, a mapping ts:S — {true,false}), and
¢[ts] is the truth value that ¢ evaluates to under the
assignment ts. Restricting IT,SAT by fixing X = 0 in its
definition provides the NP-complete problem 3-SAT,
which we will use for showing NP-hardness.

Analogously to the construction of Baumeister
et al.” we translate a QSAT instance to one of two ver-
sions of IAFs in Definition 14, the first being purely
argument-incomplete (which, recall, means R’ = )
and the other purely attack-incomplete (which, recall,



means A’ = (). We use this construction later in our
proofs establishing the complexity of the problems
studied in this section.

Definition 14. Given a II,SAT instance (¢, X, Y) with
¢=/\;ci and ¢; = \/j «;j for each clause cj, Wher_e ajj
are the literals in clause c;, an argument IAF (A4, A’ R)
representing (¢, X, Y) is defined by

A= {X[% € X} U{yi: Y|y €Y}
u{ci|ciin g} U{p d,g}

A= {x]x € X}

R = {(x;.%) [% € X} U{Wic: Yie)» W: Yi) [ Y € Y}
U{(x;,ci) |x inciy U{(X,ci) |~ inc;}
U {k: €i) [y in i} U{ Vi, Ci) | i I ci}
U{(ci,p)lcic o} U{(p,d)}
U {(d,a)|a e (AUA)\ {}}.

Similarly, given (¢, X, Y) as abovementioned, an attack-
incomplete AF (A, R,R’) representing (¢,X,Y) is
defined by

A= {x;. X X € X} U{yk, Yk | Yk € Y}
U{cilciin o} U{p,d,g}

R = {(x%) % € X} U{Vic: Yie)s Wi i) [ Vi € Y}
U {(xj,ci) | X inci} U{(X,ci) | —x; in c;}
U{ i i) | yie in e} U{(Yi. €i) | i in ci}
U{(ci.p)|ci€ o} U{(e.d)}
u{(d,a)|a e A\ {p}}

R’ = {(g.%) |x € X}.

Arguments c; are called clause arguments and argu-
ments x;, X;, yx, and yj are called literal arguments. For
every literal argument z,, there is a counterargument
z,. For a given truth assignment tx on X, we obtain a
completion AFx from the constructed IAFs above-
mentioned. For the argument-incomplete case, we
construct AF™ = (A, R™), with x; € AX & x(X)) =
true. For the attack-incomplete case, we generate
AFX = (AX, R™X), with A" = A and (g,X;) € RX &
7x(Xj) = true. For full assignments tx and 1y,
we denote a corresponding set of arguments by
AX[tx, ty] = {x; | (X)) = true} U {Xj| 7x(x;) = false}U
{¥k | tv(yk) = true} U {yx| ty(vx) = false} in the com-
pletion AF™,

Note that argument g is without effect in the argu-
ment-incomplete version of the translation and is only
included there to avoid case distinctions between the
two translations.

Lemma 15 now shows the central role that argu-
ment ¢ has in the construction for the existence of
extensions.
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Lemma 15. Let (¢, X,Y) be a II,SAT instance, and
let (A, R,R’) or (4, A", R) be an incomplete AF cre-
ated for the instance according to Definition 14. Let
tx be an assignment on X. In the completion AF%,
the argument ¢ has to be in every nonempty exten-
sion that satisfies the semantics s € {AD,CP,GR,
PR, ST, SST}.

Proof. Argument d attacks every argument except ¢,
but d cannot occur in any extension because it attacks
itself and, therefore, violates CF. So if there is a non-
empty s extension, it needs to have a defending attack
against d and ¢ is the only argument attacking d. O

Next, Lemma 16 provides a sufficient and neces-
sary criterion for the existence of nonempty exten-
sions that correspond to satisfying assignments of the
I1,SAT formula ¢.

Lemma 16. Let (¢, X,Y) be a given II,SAT instance
and let tx and ty be assignments on X and Y, respec-
tively. Let IAF be an incomplete AF created by Defini-
tion 14 for (¢,X,Y). Let AFx be its completion
corresponding to tx and let A [tx, ty] be the set of lit-
eral arguments corresponding to the total assignment.

1) If ¢[tx, Ty] = true, then there exists a non-
empty extension A™[tx,7y]U{g, ¢} in AF¥X
which is AD, complete, preferred, semistable,
and stable.

2) If g[tx, Ty] = false for all assignments 7y on Y,
then AFx has no nonempty AD set (and,
therefore, no nonempty complete, preferred,
semistable, or stable extension).

Proof. 1) Assume that ¢[tx, 7y] = true. We show
that & = A% [tx, vy] U{g, ¢} is a stable extension in
A™._ This will imply that this extension is also AD, com-
plete, preferred, and semistable.

Consider the argument-incomplete variant first,
where the completion AF™ includes an uncertain
argument x; if and only if 7x(xj) = true. It is apparent
that & = AX[tx, vy] U {g, ¢} is CF, since there are no
attacks among literal arguments of different literals g,
or ¢. It remains to show that all arguments in A\ £
are attacked by €&. First, d is attacked by ¢ € £. Every
literal argument x; with 7x(x;) = true is attacked by its
counterpart x; € £. Every x; with tx(x;) = false is not
included in the completion. Every y, with zy(yx) =
true is attacked by its counterpart y, € &, and every
Yk with ty(yx) = false is attacked by its counterpart
Yk € &. Finally, since ¢[tx, ty] = true, every clause ¢; in
¢ has at least one satisfied literal, whose correspond-
ing literal argument is in £ due to its construction.
Thus, every clause argument c; is attacked by that
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literal argument in &, and we have shown that £ is sta-
ble in A™.

For the attack-incomplete variant, the completion
AF™ includes an uncertain attack (g, ;) if and only if
7x(Xj) = true. The only difference compared to the
argument-incomplete variant is that the literal argu-
ments x; with 7x(x;) = false are included in the com-
pletion and need to be attacked by £. This is the case,
since X; € £ whenever tx(x;) = false.

2) Assume that ¢[zx, ty] = false for all assignments
7y on Y. We show that AFx has no nonempty AD set.
This will imply that there is also no nonempty com-
plete, preferred, or stable extension.

Again, let us consider the argument-incomplete
variant first. For contradiction, assume that € is a
nonempty AD set in AFX. From Lemma 15, we know
that ¢ must be in & Furthermore, ¢ must be
defended by € against all attacks by the clause argu-
ments c;. The only arguments that can attack c; are
the literal arguments that correspond to literals in
ci. Let X’ UY' C &€ be a set of literal arguments that
attacks all arguments c;. This set induces assign-
ments 7w on X’ and y» on Y/, respectively, such that
(X)) =true if X € X, tw(x)=false if XX,
Ty (k) = true if y, € Y/, and ty/ () = false if yy € Y'.
Recall that, for each literal argument corresponding
to a literal in X, we have that, if 7x(x;) = true, argu-
ment X; is defeated by x; without a chance of
defense, so x; could be a member of £, but X; cannot.
If 7x(x;) = false, argument x; is excluded from the
completion, so only x; (and not x;) could be a mem-
ber of £ In summary, we know that tx must be a
subassignment of tx. Since X' UY’ attacks all clause
arguments c;, we know that assignment tyx can be
extended to tx and 7y, can be extended to a full
assignment zy on Y, such that ¢[zx, ty] = true. How-
ever, this contradicts our assumption that ¢[tx, 7v] =
false for all assignments zy on Y.

The attack-incomplete variant uses uncertain
attacks (g, ;) instead of uncertain arguments x;. Here,
for each literal argument corresponding to a literal in
X, we have that, if x(xj) = true, argument X; is
defeated by g without a chance of defense, so x; could
be a member of AD sets, but X; cannot. If x(x;) =
false, argument x; is defeated by X; without a chance
of defense, so only x; (and not x;) could be a member
of AD sets. Again, for a subset X’ C & of literal argu-
ments from X in an AD set &, we know that Ty must
be a subassignment of tx, and the remainder of the
proof is analogous. 0

With Lemmas 15 and 16, we see that the two con-
structions of Definition 14 behave similarly and can,
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therefore, be interchanged. For the sake of simplicity,
we will only use the argument-incomplete case further
on, which also yields the hardness of the problems for
the general case with uncertainty for arguments and
attacks.

Possible Nonempty Existence

Before presenting our hardness results for the possi-
ble nonemptiness problem, we start with an easy poly-
nomial-time algorithm for CF and the closely related
stage semantics. Note that Proposition 17 also con-
tains a result on the necessary nonemptiness prob-
lem, s-NecNE. This problem is actually considered only
in a later section. However, since this proof is closely
related to the proof for s-PosNe, we provide both
results together in this section.

Proposition 17. s-NecNe and s-PosNe are in P for
s € {CF, STG}.

Proof. A set with only one argument and no self-
attack is always conflict-free and also nonempty.
Thus, in an AF, we only need to find one argument
without a self-attack to get a nonempty conflict-free
extension in that AF. Conversely, if all arguments in an
AF have a self-attack, then no nonempty set of argu-
ments can be CF.

Using these considerations, CF-PosNE can be solved
by checking whether all arguments—both definite and
uncertain—in the given incomplete AF have (condi-
tionally) definite self-attacks. If yes, the answer to
CF-PosNE is “no,” and vice versa. Similarly, IAF €
CF-NecNE if and only if IAF has a definite argument
with no definite or uncertain self-attack. For the stage
semantics, it is clear that a nonempty stage set exists
in an AF if and only if a nonempty CF set exists, so the
problems coincide. O

Proposition 18. For
s-PosNE is NP-complete.

s € {AD, ST,CP, PR, SST},

Proof. To prove NP membership, we look at the
quantifier representation. For each s < {AD,ST,CP,
PR, SST}, s-PosNE can be written as the set of all IAF
such that

(3 completion AF* = (A", R") of IAF)(IE: P CEC AY)
[ satisfies s in AF].

These two existential quantifiers, which both are
polynomially length-bounded in the size of the
encoding of the given IAF, can be merged into one
existential polynomially length-bounded quantifier.
For all but the preferred and semistable semantics,
the inner predicate is in P, so the problem s-PosNE



isin NP. For the preferred semantics, however, exis-
tence of a nonempty preferred extension is equiva-
lent to existence of a nonempty AD set, so the
upper bounds coincide. For the semistable seman-
tics, we look at AD sets with a maximal range. If
there exists a nonempty AD set then there also
exists a nonempty semistable set, as the range of
any nonempty set is greater than the range of the
empty set.

NP-hardness can be deduced from the NP-hard-
ness of the s-Ne problem, which itself follows from
the NP-hardness of the existence problem, which
has been shown by Chvatal? for the stable seman-
tics and by Dimopoulos and Torres'™ for the other
semantics. O

On the other hand, for the grounded semantics,
possible nonemptiness is easy to solve, (Although
we focus on the complexity class P only, we mention
in passing that GR-PosNE is even in L, the complexity
class capturing logarithmic space'®, which is a.k.a.
the class of problems that have efficient “parallel”
algorithms. Intuitively, note that GR-PosNe can be
characterized as follows: (A4, A", R,R") € GR-PosNE
if and only if (3a € (AU .A"))(Vb € A)[(b,a) ¢ R]. For
comparison, GR-NE can be similarly characterized as
follows: (A, R) € GR-NE if and only if (3a € A)(vb €
A)[(b,a) ¢ R]. Since GR-NE is even known to be in L
(see, e.g., the book chapter by Dvorak and Dunne®),
so0 is GR-PosNE.) though not in a trivial way.

Theorem 19. GR-PosNE is in P.

Proof. It is well known?' that an AF has a nonempty
grounded extension if and only if it has at least one
unattacked argument—if the AF has an unattacked
argument, then this argument is a member of the
grounded extension, and if it does not, then no argu-
ment can be acceptable with respect to the empty
set, so the empty set is the grounded extension.
Therefore, the GR-PosNE problem is equivalent to ask-
ing whether an incomplete AF has a completion,
which has an unattacked argument.

First, given an IAF IAF = (A4, A’, R, R), we search in
the minimal completion AF* = (A, R|,) that only con-
tains the definite parts of the IAF. If AF* has an unat-
tacked argument, the answer for the GR-PosNe
instance is clearly “yes.” Otherwise, for every uncertain
argument x € A°, let AF; = (AU {x},R| 4) be the
completion that contains only x and all definite ele-
ments. If any of these completions AF; has an unat-
tacked argument, we can again answer “yes.” If none
of them have an unattacked argument, it is clear that
no completion can have one, since adding several
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uncertain arguments simultaneously or adding addi-
tional attacks cannot produce unattacked arguments
that were not unattacked before. Therefore, we can
answer “no” in this case.

This algorithm requires to check at most |A’|+1
completions for unattacked arguments, which can be
done in polynomial time. O

Necessary Nonempty Existence

We now turn to the necessary nonemptiness problem
(besides CF-NecNEe and STG-NecNE, which have already
been handled in Proposition 17) and show that, for
many semantics, it is hard for the second level of the
polynomial hierarchy. We start with the upper bounds
on the complexity.

Proposition 20. For each s € {AD, CP,PR, SST, ST},
we have s-NEcNE € I15.

Proof. To show membership of s-NecNe in IT9, we
can again look at the quantifier representation. For s €
{AD,CP,PR,SST, ST}, we can formulate the problem
s-NecNE as the set of all IAF such that

(Vv completion AF* = (A", R*) of IAF)(IE: 0 C EC A
[€ satisfies sin AF"].

For this representation, we again use quantifiers that
are polynomially length-bounded in the size of the
encoding of the given IAF. The existentially quantified
inner part is the problem s-NonempTINESsS—this problem
is NP-complete for s e {AD,CP,PR,SST,ST}, as
shown by Chvétal®® and Dimopoulos and Torres.'
Hence, we have an existential quantifier followed by a
statement checkable in polynomial time. This expres-
sion is preceded by a universal quantifier over comple-
tions. Both quantifiers together yield that s-NecNE is a
problem in IT. ]

Next, we prove the corresponding lower bound, uti-
lizing the preparations done in Lemma 16.

Theorem 21. s-NecNEe is I1)-complete for s € {AD,
CP,PR, SST, ST}.

Proof. The II5 upper bound of s-NecNe follows
immediately from Proposition 20.

To show I19-hardness of s-NecNE, we reduce from
the problem TI,SAT. Given a TII,SAT instance
(¢,X,Y), we create an argument IAF IAF = (4, A", R)
according to Definition 14. Assume that for every
assignment tx on X there exists an assignment zy on
Y such that ¢[zx, ty] is true. Then, we have a “yes"-
instance of II,SAT and we need to show that there is
a nonempty stable (and, therefore, also admissible,
complete, preferred, and semistable) extension & in
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IAF for ¢ = (z1 V ~w1) A (y1 V —1y2)

IAF for ¢’ = (1) A (y1 V y2)

FIGURE 3. IAFs created for the I1,SAT instances from Example 22 using the translation from Definition 14. The left IAF uses ¢ =

ciAcy = (x1V-y) A(yrV-y2) and is a “yes'-instance of ST-NecNE, whereas the right IAF uses ¢/ =cj Acy = (x1) A (1 V —y2)

and is a “no"™-instance of ST-NecNE.

every completion of IAF. This is provided by Lemma 16
where we have shown that if ¢[tx, ry] = true then £ =
AX[tx,vy] U {g, ¢} is a nonempty stable extension in
AF™. For the other direction of the proof, assume that
we have a “no"-instance of II,SAT, ie. there is an
assignment tx on X such that for all assignments ty
on Y, ¢[tx, ty] is false. Then, we need to show that
there is a completion of IAF that has no nonempty AD
set (and, therefore, also no nonempty complete, pre-
ferred, semistable, or stable extension), which again is
provided by Lemma 16. 0

Example 22. Consider the I1, SAT instance

<p:c1/\cz:(x1\/ﬁy1)A(y1\/ﬁy2)

with X ={x;} and Y ={y;,y,}. This instance is a
“yes"-instance of TI,SAT, since for every assignment
7x on X, there is an assignment ty on Y such that
@[tx, Ty] = true—in  particular, the assignment
7y(y;) = false and ty(y;) = false satisfies ¢ irrespec-
tive of the assignment on X used.

Using our translation to IAFs, we get the repr-
esentation (A, A", R) with A= {X,y1,¥1.y2,¥2,C1,
c2,9,d,g} and A’ = {x;}. Figure 3 shows the corre-
sponding graph on the left. This ST-NecNE instance is
a "yes"-instance, too: For 7} with t}(x;) = true, the set
{@,x1,¥1,¥2,9} is nonempty and stable in the comple-
tion AF, and for 2 with t}(x) = false, the set
{¢,X1,¥1,¥2,9} is nonempty and stable in the comple-
tion AF’>2<, so there exists a nonempty stable extension
in every completion.
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If we modify the I1,SAT instance to

¢ = C% ANecy = (X1) A (y1 Vy2)

(here, “v —y;" is removed from the first clause), we get
a “no"-instance of I1,SAT, since for the assignment tx
on X with x(xq) = false, it holds that ¢[tx,7y] =
false for every assignment 7y on Y. The correspond-
ing IAF is displayed in Figure 3 on the right. Here,
the attack from argument y; to ¢} is missing, and so
the completion that omits argument x; has no non-
empty stable extension, since no literal argument
can defend ¢’ against the clause argument c] (recall
that d cannot be in any stable extension due to its
self-attack). Hence, this is a “no"-instance of ST-
NecNE.

Finally, we turn to necessary nonemptiness for
the grounded semantics, which is efficiently solv-
able.(Again, even though we focus on the complex-
ity class P in Theorem 23 GR-NecNE in fact is in L.
Specifically, referring to the case distinction in the
upcoming proof of Theorem 23, note that our task
in Case 1 can be done in L (just solve the GR-NE
instance (A4, RUTR"), recalling that GR-NE is in L);
in Case 2 it is in L by solving the GR-NE instance m
times, m < |A7,' and in Case 3 it is in L because
both previous cases are in L and we just apply one
after the other).

Theorem 23. GR-NEecNE is in P.

Proof. The idea behind this proof is to construct a
critical completion that has a nonempty grounded
extension only if every completion of that IAF has a
nonempty grounded extension. If this critical



TABLE 1. Summary of complexity results.
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S s-NE s-PosNE s-NecNE

CF inP * inP (Prop.17) inP (Prop.17)
STG inP 6 inP (Prop. 17) inP (Prop. 17)
GR inP z inP (Thm. 19) inP (Thm. 23)
AD NP-c 4 NP-c (Prop. 18) ¢ (Thm. 21)
cp NP-c 4 NP-c (Prop. 18) -c (Thm. 21)
PR NP-c 14 NP-c (Prop. 18) -c (Thm. 21)
SST NP-c 6 NP-c (Prop. 18) -c (Thm. 21)
ST NP-c 0 NP-c (Prop. 18) I5-c (Thm. 21)

For a complexity class C, we use C-c to denote “C-complete.” New results due to this paper are marked
by the corresponding theorem, proposition, or corollary, and results due to previous work are marked by
the respective reference. The result marked with * is straightforward and not formally proven.

completion has a nonempty grounded extension, this
will allow a “yes” answer to the given GR-NecNe
instance. Recall that, as already stated in the proof of
Theorem 19, a nonempty grounded extension exists in
a completion if and only if the completion has an unat-
tacked argument.

Consider the following algorithm that defines a
sequence AF; of completions for a given instance
(A, A", R, R") of GR-NecNE. AF is the maximal com-
pletion that includes all uncertain elements of A’
and R'. Initially, let i=1. Define AF; =AF;_q), but
remove all arguments that were originally in A’ and
that are unattacked in AF;_;, and also remove
attacks incident to these arguments. Repeat this
step (with i —i+1) until AF; =AF;_; for some i.
Then, AF* = AF; is the desired critical completion.

If AF* has no unattacked argument, then it also has
no nonempty grounded extension and thus is a wit-
ness for (A, A", R,R’) ¢ GR-NecNE. If, on the other
hand, AF* has an unattacked argument x, then every
completion must have an unattacked argument: in
every completion, either x itself is unattacked, or if it
isn't, then the completion must include some argu-
ments from A’ that attack x. The only candidates are
arguments that were removed by the algorithm. These
can only be attacked by other arguments of the same
kind—in particular, they are not attacked by definite
arguments. Also, at least one of these arguments is
not attacked by any other argument (which is
removed in the first iteration of the algorithm). So, at
least one of these arguments must be unattacked in
the given completion. Note that excluding any addi-
tional uncertain attacks from completions can only
make the existence of unattacked arguments in the
completion more likely, so we do not need to consider
this separately in the algorithm.

The algorithm iterates at most |.4’| times and per-
forms only a polynomial number of steps per iteration,
so GR-NecNeisin P O

The main contribution of this work is to solve the
open questions regarding the complexity of variants
of the nonemptiness problem for IAFs. A summary of
all results can be found in Table 1. When we compare
the complexity of the incomplete problems with their
corresponding complete versions, we can see that
the complexity for the possible cases stays the same
(due to collapsing existential quantifiers), whereas
the complexity of the necessary cases is raised to I1)
for several semantics. The s-PosNE and s-NecNE prob-
lems for s € {CF, STG, GR} have the same complexity
as the respective base problem for standard AFs,
while not relying on collapsing quantifiers. Interest-
ingly, the I15-completeness result that we obtained
for s-NEcNE for the semantics s € {AD, CP,PR,ST} is
the same as the complexity of necessary credulous
acceptance for the same semantics’ (the semistable
semantics was not investigated by Baumeister et al.”).
Necessary credulous acceptance for IAFs is the prob-
lem of deciding whether every completion of a given
IAF has an s extension that contains a given target
argument. This is a refinement of s-NEcNE, which
only requires the existence of a nonempty s exten-
sion in every completion, and does not demand
membership of a given target argument. These
coinciding complexities indicate that the hardness
of necessary credulous acceptance in IAFs lies pre-
dominantly in making sure that an s extension
exists in the first place, while the additional require-
ment of enforcing that the given target argument
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or set of arguments is contained in that extension
does not add to the asymptotical complexity.

In addition to the original Dung' semantics, the
semistable,'?, and the stage semantics' that we cov-
ered in this work, there are more semantics to study,
such as the CF2 semantics? or the ideal semantics.?
The complexity of generalized existence problems in
IAFs for these semantics is an interesting task for
future work. Cayrol et al.?* introduced attack IAFs as
partial AFs (PAFs); see also the forthcoming book
chapter by Baumeister et al.?® Instead of reducing the
semantics of PAFs to the semantics of AFs via com-
pletions (like 1AFs do), they define new semantics for
partial AFs, which coincide with the completion-based
approach for CF, but generally not for the more
advanced semantics. Maher?® presented a model of
strategic argumentation, which simulates a game
between a proponent P and an opponent O, where P
tries to make an argument a accepted, while O tries
the opposite. In this model, there are three sets of
arguments, Ac,,,, (common knowledge), Ap (argu-
ments of P), and Ap (arguments of O), where Ap and
Ap are comparable to uncertain arguments in IAFs.
However, this model allows no uncertain attacks
between arguments; every attack is definite. Further-
more, |IAFs have some similarities to AF expansion due
to Baumann and Brewka,?’, where new arguments and
new attacks incident to at least one new argument
may be added. Opposed to |AFs, the set of new argu-
ments and attacks is not fixed, and new attacks
among existing arguments are not allowed. Another
variation of our model could be to add weights to the
uncertain elements. So far, we tried to minimize exten-
sions only with respect to the number of arguments in
them. Also, in the model used here, arguments and
attacks are treated essentially equally, which may not
always be intended, especially not with uncertainty in
the model. Previous work by Dunne et al..?® who
looked at weighted attacks, could help to better refine
our model. Similarly, Li et al.?® followed a probabilistic
approach, using probabilities both for arguments and
attacks, and later on, Fazzinga et al.®® studied the
complexity of problems defined in this probabilistic
model. Again, our model might benefit from refining it
probabilistically in future work.
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